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ABSTRACT
The high-redshift 21 cm signal from the Epoch of Reionization (EoR) is a promising observational
probe of the early universe. Current- and next-generation radio interferometers such as the Hydrogen
Epoch of Reionization Array (HERA) and Square Kilometre Array (SKA) are projected to measure
the 21 cm auto power spectrum from the EoR. Another observational signal of this era is the kinetic
Sunyaev-Zel’dovich (kSZ) signal in the cosmic microwave background (CMB), which will be observed
by the upcoming Simons Observatory (SO) and CMB-S4 experiments. The 21 cm signal and the
contribution to the kSZ from the EoR are expected to be anti-correlated, the former coming from
regions of neutral gas in the intergalactic medium and the latter coming from ionized regions. However,
the na¨ıve cross-correlation between the kSZ and 21 cm maps suffers from a cancellation that occurs
because ionized regions are equally likely to be moving toward or away from the observer and so there
is no net correlation with the 21 cm signal. We present here an investigation of the 21 cm-kSZ-kSZ
bispectrum, which should not suffer the same cancellation as the simple two-point cross-correlation.
We show that there is a significant and non-vanishing signal that is sensitive to the reionization history,
suggesting the statistic may be used to confirm or infer the ionization fraction as a function of redshift.
In the absence of foreground contamination, we forecast that this signal is detectable at high statistical
significance with HERA and SO. The bispectrum we study suffers from the fact that the kSZ signal is
sensitive only to Fourier modes with long-wavelength line-of-sight components, which are generally lost
in the 21 cm data sets owing to foreground contamination. We discuss possible strategies for alleviating
this contamination, including an alternative four-point statistic that may help circumvent this issue.
Keywords: cosmic background radiation — cosmology: theory — dark ages, reionization, first stars —
intergalactic medium
1. INTRODUCTION
During the Epoch of Reionization (EoR), the inter-
galactic medium (IGM) underwent a large-scale phase
change, transitioning from neutral to ionized gas. Neu-
tral hydrogen gas in the IGM may be observed in emis-
sion or absorption against the background cosmic mi-
crowave background (CMB) at a rest wavelength of
λ = 21 cm. This signal is being pursued observation-
ally through radio interferometer telescopes such as the
Corresponding author: Paul La Plante
plaplant@berkeley.edu
Hydrogen Epoch of Reionization Array (HERA1), the
Low Frequency Array (LOFAR2), and the Square Kilo-
metre Array (SKA3). These arrays seek to measure sta-
tistical correlations in the 21 cm signal from the EoR
at high signal-to-noise, which would provide insight into
the topology of reionization and yield vital clues as to
the astrophysical sources responsible for reionization.
In addition to the 21 cm signal from the EoR, theoreti-
cal calculations suggest there should exist a complemen-
tary signature in the kinetic Sunyaev-Zel’dovich (kSZ)
1 https://reionization.org
2 https://www.lofar.org
3 https://www.skatelescope.org
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effect. The kSZ is a secondary distortion of the CMB,
in which CMB photons inverse-Compton scatter off of
free electrons and receive Doppler shifts owing to the
bulk motion of these electrons. The kSZ signal was first
detected by the Atacama Cosmology Telescope (ACT4,
Hand et al. 2012), and since then has been measured by
the South Pole Telescope (SPT5, Soergel et al. 2016) and
the Planck mission (Planck Collaboration et al. 2016).
The kSZ has a component due to the contribution of
the ionized gas in the post-reionization universe, which
is dominated by galaxy clusters with large peculiar ve-
locities relative to the CMB. There is also the so-called
“patchy” contribution, considered here, that is due to
the fact that reionization is an inhomogeneous process
that took a significant amount of cosmic time to com-
plete. Specifically, spatial variations in the timing of
reionization imprint CMB anisotropies on angular scales
spanning tens of arcminutes. These provide important
information regarding when and how reionization oc-
curs. Recently, the SPT-SZ and SPTpol missions re-
ported a detection of the kSZ signal at 3σ significance,
with a value of DkSZ3000 = 3.0± 1.0 µK2 (Reichardt et al.
2020). Measuring the kSZ signal is one of the science
goals of the upcoming Simons Observatory (SO6) and
CMB-S47 experiments. During the EoR, sources of UV
photons emit radiation into the IGM and ionize neutral
hydrogren as it propagates. The ionized gas no longer
emits 21 cm radiation, but instead can generate a non-
zero kSZ signal.
As with any astrophysical signal, systematic errors
can be mitigated by performing measurements of cross-
correlations, in which the signal from two datasets can
be analyzed to understand what statistical trends can
be seen in both datasets. In the case of the 21 cm and
kSZ signals from the EoR, one would naively expect
a signal to be present, because the same astrophysical
sources— namely, objects producing UV photons—give
rise to both signals. However, the kSZ signal can be
either positive or negative depending on whether the
free electrons are moving toward or away from us. Due
to the large-scale isotropy and homogeneity of the Uni-
verse, the simple cross-correlation measurement between
the kSZ signal and the 21 cm signal is expected to suffer
from significant cancellation on scales where the kSZ sig-
4 https://act.princeton.edu
5 https://pole.uchicago.edu/
6 https://simonsobservatory.org
7 https://cmb-s4.org/
nal is larger than the primary CMB signal (` & 3000)8.
Such a cancellation is common with other tracers that
cross-correlate with the kSZ signal, such as weak lens-
ing or galaxy surveys. One approach in such situations
is simply to square the kSZ signal, taking care to filter
out the primary CMB component and other sources of
unwanted noise (Dore´ et al. 2004; Hill et al. 2016). The
kSZ2-21 cm two-point cross-correlation was explored in
Ma et al. (2018). Here, we pursue the more general ap-
proach of computing a cross bispectrum between two
kSZ fields and the 21 cm field. The statistic in Ma et al.
(2018) is closely related to ours, and may be expressed
as an integral over the quantity we consider. Although
our statistic is more complex and computationally de-
manding, it potentially contains more information: we
explicitly consider the dependence over a broad range
of triangles in harmonic space. This may also provide
greater flexibility and control over systematics.
To model the 21 cm-kSZ-kSZ bispectrum, we employ
semi-numeric simulations of reionization. The two fields
are generated from the same realization of reionization,
which allows for a self-consistent study of the two fields.
The semi-numeric simulations are fast yet incorporate
important non-linearities in the density, ioniziation frac-
tion, 21 cm, and kSZ fields. The strong fluctuations
in these fields during reionization generally necessitate
modeling beyond linear perturbation theory. The rest of
the paper is outlined as follows. In Sec. 2, we review the
theory of the kSZ and 21 cm signals. In Sec. 3, we dis-
cuss the methods by which we generate the 21 cm field
and kSZ field, and compute the bispectrum. In Sec. 4,
we show the results of our theoretical calculation, and
present a qualitative picture for explaining the results.
In Sec. 5, we discuss detectability as it relates to the sam-
ple variance as well as instrumental noise estimates for
upcoming experiments. In Sec. 6, we conclude and dis-
cuss future directions. Throughout the text, we assume
a ΛCDM cosmology with parameters consistent with the
Planck 2018 results (Planck Collaboration et al. 2018).
2. THE 21 CM-KSZ-KSZ BISPECTRUM
2.1. The 21 cm Field
The 21 cm signal is generated by neutral hydrogen in
the IGM. The signal itself is a brightness temperature
that depends on the spin temperature of the hydrogen
gas. The 21 cm signal can be expressed as (Madau et al.
8 As discussed further in Sec. 2.3, this cancellation is partly avoided
on large scales, but the signal is hard to measure in practice
(Alvarez et al. 2006; Adshead & Furlanetto 2008; Alvarez 2016;
Ma et al. 2018).
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1997):
δTb(r, z) = T0(z)[1 + δm(r)][1− xi(r)], (1)
where δm is the matter overdensity and xi is the ioniza-
tion fraction of the gas (xi = 1 is totally ionized gas,
xi = 0 is totally neutral). T0(z) is
T0(z) = 26
(
TS − Tγ
TS
)(
Ωbh
2
0.022
)
×
[(
0.143
Ωmh2
)(
1 + z
10
)] 1
2
mK, (2)
where TS is the spin temperature of neutral hydrogen
and Tγ is the temperature of the CMB. We assume that
TS is coupled to Tgas throughout all of the IGM and
that the gas temperature is globally much larger than
the CMB temperature. This assumption is valid once
both a sufficient Lyα background has built up to couple
the spin temperature to the gas temperature and once
early X-rays or other sources provide the needed heat in-
put. This may occur once the globally averaged ioniza-
tion fraction 〈xi〉 & 0.25 (Santo´s et al. 2008), although
significant uncertainties remain regarding the onset of
the Lyα background and the timing of early X-ray heat-
ing (Pritchard & Furlanetto 2007; Mirocha 2014; Eide
et al. 2018). As shown in Greig & Mesinger (2017), in-
correctly assuming spin temperature saturation can bias
the recovery of semi-analytic model parameters. In the
application at hand, we are interested in understanding
the relationship between the 21 cm and kSZ signals dur-
ing the central portion of the EoR and at late times,
where the assumption of spin temperature saturation is
likely justified. As such, the results at high redshift dur-
ing the pre-reionization epoch (z & 10 for the Fiducial
model presented here) may be inaccurate, though the
primary results pertain to epochs when the assumption
is well justified.
The 21 cm signal is a spectral line, and so in principle
the signal from different redshifts can be detected in-
dependently, giving full three-dimensional tomographic
information of the EoR. Accordingly, the 21 cm field can
provide valuable information about the entire process of
reionization. A major scientific goal of both HERA and
the SKA is to generate maps of the EoR for redshifts
z . 12, with sufficient fidelity to observe the formation
of ionized regions surrounding galaxies. These maps will
themselves provide rich insight into the astrophysical de-
tails of the first luminous sources, and are also prime
candidates for performing cross-correlation analysis. In
addition to the kSZ signal discussed below, other in-
tesnity mapping tracers such as [CII] (Beane & Lidz
2018) can provide significant insight into the EoR. The
information gleaned from cross-correlation studies can
provide important cross-checks of that from the 21 cm
auto-power spectrum, and may avoid some of the sys-
tematic errors associated with such measurements.
2.2. The kSZ Field
The kSZ effect is an integrated line-of-sight effect that
can be observed in maps of the CMB. In a direction
toward the CMB nˆ, the kSZ effect can be expressed as
an integral along the line of sight (Sunyaev & Zeldovich
1972):
∆T (nˆ)
TCMB
= −σT
c
∫
dl nee
−τ(l)v · nˆ
= −
∫
dχ g(χ)e−τ(χ)q · nˆ (3)
where σT is the Thomson cross section, c is the speed
of light, l is the proper distance along the line of sight,
ne is the local (proper) electron density, τ = σTnel is
the local optical depth, and v is the peculiar velocity of
the ionized electrons. In the second line, we have tran-
sitioned to comoving coordinates χ and introduced the
kSZ visibility function g(χ), defined as (Alvarez 2016):
g(χ) =
∂ 〈τ〉
∂χ
= σTne,0 〈xi〉 (1 + z)2, (4)
where ne,0 = [1− (4−NHe)Y/4]Ωbρcrit/mp is the mean
electron number density. We set the number of helium
ionizations per hydrogen atom NHe = 1, so that he-
lium is singly ionized along with hydrogen (which is not
doubly ionized until significantly later, La Plante et al.
2017) and depends on the helium mass fraction Y . This
quantity is multiplied by the local electron momentum
q = v(1 + δm)xi/c and integrated along the line of sight
χ to compute the full spectral distortion of the CMB.
The kSZ signal as observed in the CMB contains con-
tributions from the EoR as well as ionized gas in the
post-reionization era. The contribution to the kSZ ef-
fect from patchy reionization has a typical magnitude
of D` = `
2C`/(2pi) ∼ 3 µK2 at a scale of ` ∼ 3000
(Battaglia et al. 2013a; Alvarez 2016).
Analogously to how the local 21 cm fluctuation δTb is
defined in Equation (1) for all points r in 3d space, we
define the local kSZ fluctuation δq:
δq(r) ≡ TCMB[1 + δm(r)]xi(r)e−τ , (5)
where τ is the local optical depth of the volume9. Note
that there is no explicit dependence on the local veloc-
ity field in the definition of this field, and we include
9 For the simulation resolution considered, e−τ ≈ 1, so the inclu-
sion of the optical depth does not significantly affect the calcula-
tion.
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the temperature factor TCMB so that it has temperature
units associated with the fluctuation, which is useful
for comparing with power spectra seen in the literature.
When constructing estimators involving two kSZ fields
such as the power spectrum, we assume that the velocity
field is coherent on spatial scales much larger than the
ones of interest here (` & 3000) (Mesinger et al. 2012).
Accordingly, we replace the velocity term with v2RMS/3,
where vRMS is the root-mean square of the peculiar ve-
locities. For example, the Limber approximation (Lim-
ber 1953; Kaiser 1992) for estimating the C` spectrum
of the kSZ field can be expressed as:
C`,kSZ(`) ≈ 1
3c2
∫
dχ
χ2
v2RMS(χ)g
2(χ)Pqq(`/χ), (6)
where Pqq is the three-dimensional power spectrum com-
puted from the δq field defined in Equation (5). This ap-
proximation is expected to break down on large scales
corresponding to those where the velocity flows are co-
herent (typically ∼100 Mpc). We have verified that the
C` spectrum computed in this fashion and directly from
maps of the kSZ signal such as those in Figure 2 show
qualitatively good agreement at ` ∼ 3000.
2.3. The Bispectrum
We define the Fourier transform as:
δ˜(k) =
∫
d3r
(2pi)3
δ(r)e−2piik·r. (7)
Using this convention, the bispectrum B(k1, k2, k3) is
(Scoccimarro et al. 1998):〈
δ˜(k1)δ˜(k2)δ˜(k3)
〉
=
(2pi)3δD(k1 + k2 + k3)B(k1, k2, k3), (8)
where δD is the Dirac delta function, which guaran-
tees that the Fourier modes chosen form a closed trian-
gle. Analogously to the power spectrum, one can com-
pute the auto-bispectrum, where all three constituent
fields in Equation (8) are the same quantity. The auto-
bispectrum of the 21 cm field during the EoR has re-
cently been studied (Shimabukuro et al. 2016; Majum-
dar et al. 2018), which reveals interesting non-Gaussian
correlations present in the 21 cm field. In this work, we
examine the cross-bispectrum between two kSZ fields
and one 21 cm field. Specifically, the quantity of inter-
est is B21cm,q,q, defined as:〈
δ˜T b(k1)δ˜q(k2)δ˜q(k3)
〉
=
(2pi)3δD(k1 + k2 + k3)B21cm,q,q(k1, k2, k3). (9)
Note that the 3D bispectrum defined in this fashion has
units of
[
mKµK2(h−1Mpc)6
]
. Unlike the power spec-
trum, the bispectrum can take on positive or negative
values: positive values represent correlation between the
constituent fields for the modes probed, and negative
values represent anti-correlation.
Previous work has explored the two-point cross-power
spectrum between the kSZ field and 21 cm field during
the EoR. Alvarez et al. (2006) demonstrated a substan-
tial cross-correlation on degree-scales (` ∼ 100) between
the fields due to the so-called Doppler term. The phys-
ical explanation for this cross-correlation comes from
considering a matter overdensity, and recognizing that
there is less ionized gas on the far side of this overden-
sity from the observer (corresponding to higher redshift)
and falling toward the observer, and more ionized gas on
the near side of the overdensity and falling away from
the observer. Because these regions correspond to a de-
crease in the expected kSZ signal, as well as the 21 cm
signal, the overall cross-correlation is large and posi-
tive (though far below the level of the primary CMB
power spectrum). However, this cross-correlation falls
off sharply as a function of `, and is essentially zero for
scales corresponding to ionized bubbles from the EoR
(χ ∼ 10 h−1Mpc, ` ∼ 3000) because individual bubbles
may be moving toward or away from the observer with
equal probability, leading to large cancellation. Alvarez
(2016) built upon and extended this previous result to
explore auto- and cross-correlations of all relevant com-
binations of the components contributing to the over-
all signal. Ma et al. (2018) also investigated the cross-
correlation between the kSZ field and 21 cm fields, and
explored the signal coming from squaring the kSZ field
in real space in an attempt to avoid the cancellation of
the velocity. This work explicitly considers the 21 cm-
kSZ-kSZ bispectrum. By using two instances of the kSZ
field in the bispectrum calculation, the cancellation of
the line-of-sight velocity in the kSZ field can be miti-
gated.
Due to the fact that the kSZ signal is fundamentally
two-dimensional, the bispectrum analogue of the Limber
approximation can be used to compute the 21 cm-kSZ-
kSZ bispectrum B21cm,kSZ,kSZ (Buchalter et al. 2000):
B21cm,kSZ,kSZ(`1, `2, `3) = 1
3c2
∫
dχ
χ4
W21cm(χ)g
2(χ)
× v2RMS(χ)B21cm,q,q(`1/χ, `2/χ, `3/χ), (10)
where χ is the comoving distance along the line of sight,
W21cm(χ) is the window function associated with the
21 cm field and g(χ) is the kSZ visibility function defined
in Equation (4). This equation is analogous to the orig-
inal bispectrum definition in Equation (9), but defined
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Figure 1. An example of a squeezed bispectrum triangle.
The Dirac delta function in Equation (10) ensures that the
triangle is closed. The length k1  k2, k3, meaning that
k1 is a probe of large-scale structure while k2 and k3 probe
smaller scales. The triangle is defined by the lengths k1 and
k2 and the angle between them θ12. As discussed in Sec. 2,
we primarily discuss results from the squeezed triangle limit.
in `-space rather than k-space. As discussed in Sec. 2.2,
we use the three-dimensional analogue of the kSZ field
defined in Equation 5 when computing B21cm,q,q. We
also make the substitution of using v2RMS in lieu of the
peculiar velocity, as in Equation (6). The 21 cm win-
dow function quantifies the contribution of each segment
along the comoving line of sight dχ to the overall result,
and is normalized such that
∫
dχW21cm(χ) = 1. There
is some more flexibility in choosing the window function,
though in practice it is determined by the observational
strategy. In the results below, we show the impact that
the choice of the 21 cm window function has on the re-
sults. For further discussion, see Sec. 4.2.
In the results that follow, we examine the squeezed-
triangle limit of the bispectrum. The Dirac-delta func-
tion in Equation (10) requires that the three Fourier
modes chosen form a closed triangle. We further re-
strict ourselves to the length of one leg of the trian-
gle being significantly shorter than the other two. In
particular, we choose the short leg of the triangle k1
to correspond to the 21 cm field, and the other two to
correspond to the kSZ field. This choice is motivated
primarily by the relevant scales of upcoming experi-
ments: HERA is projected to observe the 21 cm field
at scales of 90 . ` . 1000 (transverse modes 0.014
h−1Mpc . k . 0.15 h−1Mpc at z = 8), whereas SO
is projected to observe the kSZ signal in the CMB at
scales of 3000 . ` . 6000 (0.49 h−1Mpc . k . 0.98
h−1Mpc at z = 8). This difference in scales naturally
leads to a squeezed triangle configuration. Furthermore,
the squeezed triangle limit can be thought of as a condi-
tional measurement: given a large-scale region of excess
21 cm brightness temperature, it quantifies whether the
small-scale kSZ power spectrum is larger or smaller than
in regions of average 21 cm brightness temperature.
Figure 1 shows a sample squeezed triangle. k1 corre-
sponds to the 21 cm field, and k2 and k3 correspond to
the kSZ field. The angle θ12 between the vectors k1 and
k2 is defined as:
θ12 ≡ cos−1 [(k1 · k2) /(k1k2)] (11)
Statistically, the bispectrum is completely characterized
by the lengths of two legs k1, k2 and the angle between
them θ12. Using Equation (11), it is therefore possible
to interchange between specifying the bispectrum using
{k1, k2, k3} and {k1, k2, θ12}.
3. NUMERICAL METHODS
3.1. Reionization Model
To explore the expected level of the 21 cm-kSZ-kSZ
bispectrum from the EoR, we use the output of N -
body simulations combined with a semi-numeric model
of reionization. We use a P3M algorithm described in
Trac et al. (2015) to generate matter overdensity and
velocity fields. The simulation tracks 20483 dark matter
particles in a volume of 2 h−1Gpc on a side. To generate
the ionization field xi(r, z) for every point in the volume
we use the semi-numeric model introduced in Battaglia
et al. (2013b). This model has already been applied to
21 cm studies in La Plante et al. (2014) and La Plante &
Ntampaka (2019), and to kSZ studies in Battaglia et al.
(2013a) and Natarajan et al. (2013). The starting point
for this model is to consider the redshift at which differ-
ent regions of the universe become highly ionized (with
ionization fraction xi ∼ 1). This is used to define a lo-
cal redshift of reionization field zre(r), and the fractional
fluctuations in this quantity δz(r):
δz(r) ≡ [zre(r) + 1]− [z¯ + 1]
z¯ + 1
, (12)
where z¯ is the mean value or reionization. The reioniza-
tion field δz is assumed to be a biased tracer of the dark
matter overdensity field on large scales (≥ 1 h−1Mpc).
To quantify the precise relationship between the fields,
a bias parameter bzm(k) is introduced:
b2zm(k) ≡
〈δ∗zδz〉k
〈δ∗mδm〉k
=
Pzz(k)
Pmm(k)
. (13)
We parameterize the bias parameter bzm(k) as a func-
tion of spherical wavenumber k in the following way:
bzm(k) =
b0(
1 + kk0
)α . (14)
We use the value of b0 = 1/δc = 0.593. The reionization
field for a given density field is then completely specified
by the three values of the parameters {z¯, α, k0}. The
parameter z¯ is defined in Eqn. (12), which determines
the midpoint of reionization. The parameters k0 and α
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are defined in Eqn. (14) and determine the duration. For
this study, we use the values of z¯ = 8, α = 0.564, and
k0 = 0.185 Mpc
−1h to represent the fiducial reionization
history. Once the redshift of reionization field zre(r)
has been generated, the ionization field xi(r, z) can be
computed for a given redshift z: if zre(r) is greater than
the target redshift, the cell is treated as being ionized
(xi = 1), and neutral (xi = 0) otherwise.
To understand how the predicted quantities change as
a function of the ionization history, we adjust the values
of α and k0 such that shorter and longer histories are
produced relative to our fiducial history, while still cen-
tered at z¯ = 8. We also produce a realization that uses
the same α and k0 parameters as the fiducial reioniza-
tion scenario, but with z¯ = 10. These realizations allow
us to explore the relationship between the reionization
history and the observed cross-correlation between the
two signals.
3.2. kSZ and 21 cm Maps
With the ionization field generated in this manner, in
principle it is possible to compute the three-dimensional
21 cm field using Equation (1) and the kSZ map us-
ing Equation (3). One would then define a 21 cm win-
dow function W21cm(χ) to produce a projected, two-
dimensional 21 cm field. At this point, one could com-
pute the bispectrum using traditional 3-point estima-
tors (Spergel & Goldberg 1999; Coulton et al. 2018).
However, the squeezed triangle suffers from relatively
low signal-to-noise (SNR) due to the comparatively few
number of small-k (large scale) modes available even
in a large cosmological volume. To overcome the low
SNR, many independent self-consistent realizations of
the kSZ map and 21 cm fields can be made, as in Ma
et al. (2018). Instead, we opt to use the Limber approx-
imation in Equation (10), which allows for using the full
three-dimensional information present in the field. This
approach produces bispectrum values with sufficiently
high SNR, as well as understanding the contribution
from each redshift to the total integrated signal.
Figure 2 shows the kSZ map and a slice through the
21 cm field at z ∼ 8 subtending comparable solid angles
of the sky. The large, degree-scale differences between
hot and cold patches in the kSZ map are related to the
large scale velocity variations. The change to the kSZ
signal induced by patchy reionization from the EoR is
evident on arcminute-scale features in the map, com-
parble in shape to the neutral and ionized regions in
the 21 cm map. The expression of the bispectrum in
Equation (10) in the squeezed triangle limit relates the
relatively large-scale modes in the 21 cm map with the
small-scale ones in the kSZ map.
As a point of comparison, Figure 2 also shows the
kSZ map filtered such that only features on the scale of
` ∼ 3000 are preserved. This is accomplished by con-
volving the kSZ map in `-space with a Gaussian window
centered about ` = 3000 and a standard deviation of
σ` = 100. A similar visualization of the 21 cm field is
generated for modes ` ∼ 90, where the Gaussian window
is centered about ` = 90 with a standard deviation of
σ` = 30. The statistic presented below quantifies the de-
gree of correlation between the large-scale modes of the
21 cm map at ` ∼ 90 and the small-scale power spectrum
of the kSZ map at ` ∼ 3000. We explore this correlation
using a qualitative description of reionization in Sec. 4.4.
3.3. Bispectrum Estimation
As discussed in Sec. 3.2, we opt to use the Limber
approximation on the right hand side in Equation (10)
to compute the bispectrum as opposed to directly eval-
uating the left hand side. To calculate the bispec-
trum, we use the so-called “FFT-bispectrum” estimator
outlined in Jeong (2010) and Watkinson et al. (2017).
This approach avoids explicitly enumerating all trian-
gles that contribute to a particular bisepctrum mode
B(k1, k2, k3). Instead, once the initial FFT is performed
to yield a field δ(k), the modes corresponding to δ(k1),
δ(k2), and δ(k3) are stored in separate auxiliary fields
in memory. Additional “normalization fields” with unit
weight at these Fourier modes are also generated for cal-
culating the number of bispectrum triangles. An inverse
FFT is applied to each of these fields, and the cumu-
lative sum of the product of the cells in real space is
computed, normalized by the sum of the product of the
normalization fields. The overall computational cost is
significantly reduced compared to explicit enumeration,
and more accurate than Monte Carlo methods of gener-
ating random triangle configurations.
Because the approach is based on repeated applica-
tions of the FFT rather than enumerating triangle com-
binations, it can leverage computationally expedient and
highly optimized numerical libraries. Watkinson et al.
(2017) demonstrated good agreement between this esti-
mator and the “brute-force” method of explicit triangle
enumeration. As an additional cross-check, we show val-
idation results of the FFT-bispectrum using the matter
density field from an N -body simulation and second-
order cosmological perturbation theory in Appendix A.
Evaluating Equation (10) requires computing the
three-dimensional bispectrum at fixed multipole mo-
ment ` = k · χ(z) as a function of redshift. Accordingly,
the modes k1, k2, k3 change with comoving distance
χ(z):
χ(z) = c
∫ z
0
dz′
H(z′)
, (15)
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Figure 2. Top left: the kSZ map generated from the simulations described in Sec. 3. Top right: the 21 cm map generated from
the same simulation at z = 8, near the midpoint of reionization. Bottom left: the kSZ map filtered with a Gaussian window
with a mean of ` = 3000 and standard deviation σ` = 100. Bottom right: the 21 cm map filtered with a Gaussian window with a
mean of ` = 90 and standard deviation σ` = 30. Features at these scales are the ones of interest in the cross-correlation statistic
we describe below: we examine the extent to which large-scale features in the 21 cm map are correlated with small-scale features
in the kSZ map. Although these slices to not reveal obvious correlations through inspection, there is in fact a measurable signal,
as we will quantify below in Sec. 4.
where H(z) is the Hubble parameter. For the following
analysis, we choose `1 = 90 and `2 = 3000, and com-
pute the bispectrum at 20 values of θ12 evenly spaced
in cos θ between −1 and 1. As mentioned in Sec. 2.3,
these `-scales correspond to those that will be probed in
upcoming experiments.
4. RESULTS
4.1. Bispectrum Components
As shown in Equation (10), the quantities
that contribute to the observable bispectrum
B21cm,kSZ,kSZ(`1, `2, `3) are the 21 cm window function
W21cm(χ), the kSZ visibility function g(χ), the RMS
velocity v2RMS, and the three-dimensional bispectrum
B21cm,q,q(k1, k2, k3). The visibility function g(χ) is set
by the reionization history, and generally peaks near the
end of reionization. The RMS velocity can be computed
from the peculiar velocities of dark matter particles in
the N -body simulation, and monotonically increases
over the redshifts considered here. The 21 cm window
function in practice is defined by the observational strat-
egy of the 21 cm experiment and depends on how data
from different frequencies are combined. We discuss the
window function more in Sec. 4.2.
Figure 3 shows the result of computing the three-
dimensional bispectrum B21cm,q,q between the 21 cm
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Figure 3. Top: global ionization fraction xi as a function
of redshift z for the fiducial reionization history discussed in
Sec. 3.1. Center: the angle-averaged bispectrum B21cm,q,q for
different ionization histories. We use the three-dimensional
analogue of the kSZ field defined in Equation (5). The bi-
spectrum is computed for `1 = 90 and `2 = 3000. Bottom:
the kSZ window function defined in Equation (4). The bi-
spectrum and window function, along with the 21 cm window
function, define the integrand in the Limber approximation
in Equation (10).
field δT from Equation (1) and the three-dimensional
analogue of the kSZ field δq defined in Equation (5).
The top panel shows the globally averaged ionization
fraction x(z) for the volume. The middle panel is the
quantity B21cm,q,q from Equation (10), with `1 = 90 and
`2 = 3000. The plotted quantity is the angle-averaged
bispectrum, which is a weighted average over all angles
θ12 defined in Equation (11). The bottom panel is the
kSZ window function g(χ) defined in Equation (4) for
each reionization history.
The amplitude of the bispectrum reaches a maxi-
mum shortly before the midpoint of reionization at
〈xi〉 ∼ 0.25, after which point the amplitude decreases.
The sign of the bispectrum is negative, signifying that
the fields are highly anti-correlated. This result makes
some intuitive sense: the 21 cm signal comes from neu-
tral regions of the IGM, and the high amplitude of the
kSZ power spectrum on small-scales comes from ionized
ones. Thus, portions of the IGM which have an above-
average 21 cm signal on large scales (i.e., δTb(k1) > 0)
have a below-average contribution to the kSZ signals
on small scales. Because these regions are more neu-
tral than average on large scales, it follows that there
are fewer highly ionized regions on smaller scales, due
to the inside-out reionization scenario implied by the
semi-analytic model. Also worth noting is that the am-
plitude of the signal depends strongly on the duration
of reionization, with shorter reionization scenarios yield-
ing a larger magnitude. In the semi-analytic model used
here, shorter reionization histories feature larger regions
of neutral and ionized gas, which amplifies the anti-
correlation implied by the bispectrum. Conversely, the
timing of reionization does not significantly affect the
amplitude of the bispectrum: the Fiducial and Early
histories have nearly identical shapes, and are just offset
in redshift. This feature implies that the amplitude of
the integrated bispectrum is largely driven by the dura-
tion of reionization, and the timing affects what redshift
windows would be sensitive to the bispectrum signal.
Interestingly, following the midpoint of reionization
the bispectrum transitions sign, signifying that the fields
are positively correlated. The amplitude of this peak
reaches a maximum at 〈xi〉 ∼ 0.75, though its ampli-
tude is smaller than the anti-correlation near the mid-
point of reionization. As with the amplitude of the anti-
correlation peak near the midpoint of reionization, the
amplitude of the positively correlated peak is larger for
shorter reionization histories. Notably, the postive cor-
relation is largely absent from the Long reionization his-
tory, suggesting that for a gradual enough reionization
process, the bispectrum demonstrates only a (weakly)
anti-correlated signal. Further exploration of the trends
seen in the behavior of the bispectrum are explored in
Sec. 4.4.
The bottom panel of Figure 3 shows the kSZ visibility
function g(χ). This quantity peaks near the earliest red-
shift associated with total ionization of 〈xi〉 ∼ 1. As can
be seen by the functional form in Equation (4), its value
depends linearly on the global ionization fraction, mean-
ing that higher ionization fractions contribute more to
the total integral. At the same time, the window func-
tion depends quadratically on redshift, and so once the
universe is nearly totally ionized, the amplitude of the
window function decreases. For the Fiducial ionization
history, the visibility function peaks near z ∼ 7.
Additionally, the maximum value of the visibility
function is larger for histories that reach total ionization
at earlier redshifts: the maximum value for the Early
history is roughly a factor of 2 larger than that of the
Late history. Again, due to the quadratic dependence of
g(χ) on redshift, earlier reionization histories result in
a larger value for this quantity. Earlier reionization his-
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Figure 4. The 21 cm-q-q bispectrum shown in Figure 3,
plotted as a function of angle θ12 defined in Equation (11).
There is significant evolution of the bispectrum as a function
of angle θ12. At early times (〈xi〉 < 0.5), the amplitude
of the bispectrum as a function of θ12 is nearly constant.
However, at late times (〈xi〉 > 0.5) the amplitude of the
bispectrum is significantly greater when θ12 ∼ pi/2. These
correspond to configurations where the triangles are roughly
isosceles, which are more sensitive to correlations in void
regions as opposed to filamentary structure. This behavior is
different than the matter bispectrum shown in Appendix A.
For additional discussion, see Sec. 4.1.
tories also imply larger values of τ , which is simply the
integral of the visibility function. At the same time, the
factor of χ4 in the denominator of the integrand of Equa-
tion (10) means that lower-redshift contributions are
weighted significantly more than higher-redshift ones,
and so the higher-redshift contributions are not neces-
sarily weighted as significantly as the visibility function
itself might suggest.
To understand how the magnitude of the bispectrum
changes as a function of angle θ12, we compute the re-
duced bispectrum Qabc(k1, k2, k3), defined as:
Qabc(k1, k2, k3) ≡
Babc(k1, k2, k3)
Paa(k1)Pbb(k2) + Pbb(k2)Pcc(k3) + Paa(k1)Pcc(k3)
(16)
where a, b, c are different fields of interest,
Babc(k1, k2, k3) is the bispectrum, and Paa(k1) is the
value of the auto-power spectrum of the field a at a
value of k1. The reduced bispectrum removes some
of the large amplitude differences present at different
scales, especially for squeezed-triangle configurations.
In the case of the bispectrum under consideration here,
it also allows for straightforward comparison of the sig-
nal between different redshifts, where the magnitude of
B is very different. To allow for a more even comparison,
we multiply the bispectrum B21cm,q,q by v
2
RMS/3c
2, and
the power spectrum Pqq by the same factor. Also, we
plot the result of computing B(k1, k2, θ12), using θ12 as
defined in Equation (11). As in the above analysis, we
use k1 = `1/χ and k2 = `2/χ, where `1 = 90, `2 = 3000,
and χ is the comoving distance to redshift z. Note that
the definition of Q in Equation (16) yields a quantity
that has units of inverse temperature for bispectra and
power spectra of fields that have temperature units. We
convert all temperature units to µK before combining
quantities, and show overall results in units of (µK)−1.
Figure 4 shows the results of computing Q(θ) accord-
ing to Equation (16) for the 21 cm field and proxy for
the kSZ field defined in Equation (5). We have plotted
the quantity for the Fiducial reionization history at the
indicated redshift values, which includes the majority of
the reionization history. At the earliest redshift z = 8.5
corresponding to 〈xi〉 ∼ 0.1, there is little dependence
of this quantity on angle θ12. However, at later times,
the quantity shows significant differences as a function
of θ12. When the bispectrum is negative (corresponding
to times prior to the midpoint of reionization), the more
extreme values correspond to angles θ ∼ 0 or θ ∼ pi.
Triangles with these values are more sensitive to struc-
ture that lies along filaments, meaning that the signal
is likely more sensitive to the kSZ signal that lies along
these overdensities. When the bispectrum is positive
(post-reionization), the more extreme values are seen
for angles of θ ∼ pi/2. These triangles are more sensi-
tive to isotropic distributions, and likely responding to
the relatively large ionized regions the 21 cm mode k1 is
sensitive to.
4.2. The Integrated Bispectrum
As mentioned in Sec. 2.3, the Limber approximation in
Equation (10) can be used to convert the 3d 21 cm-kSZ-
kSZ bispectrum shown in Figure 3 to a 2d version that
would be suitable for comparing with measurements
from upcoming surveys. Also as discussed above, com-
puting the integral as defined in Equation (10) requires
defining the 21 cm window function W21cm(χ). The only
formal requirement that is imposed is that the window
function integrates to unity:
∫
dχW21cm(χ) = 1. In
principle, one can choose the window function to max-
imize the theoretical response of the full Limber inte-
gral in Equation (10) given the 3d bispectrum B21cm,q,q
and the kSZ visibility function g(χ). In practice, we
use a simple top-hat window function for W21cm(χ) in
the following analysis to understand how the full re-
sult depends on the choice of the window function.
This approach is computationally simpler, though it
does not combine the 21 cm signal at multiple red-
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Figure 5. The result of computing the Limber integral defined in Equation (10) as a function of the 21 cm window function
W21cm(χ) defined in Equation (17). We parameterize the 21 cm window function as a simple top-hat in comoving distance χ,
with a central redshift of z0 and a total width of ∆z. Left: the Short reionization history. Center: the Fiducial reionization
history. Right: the Long reionization history. The ionization history, 3d bispectrum, and kSZ visibility functions can be seen in
Figure 3. The duration of the reionization history has interesting implications for the amplitude and behavior of the statistic.
See Sec. 4.2 for full discussion.
shifts/frequencies with equal weightings. For more fi-
delity with upcoming surveys, one could instead choose
a window function analogous to using, e.g., a Blackman-
Harris window function. However, we leave such consid-
erations to future analysis.
We parameterize the window function W21cm(χ) as a
top-hat centered on a redshift z0 with a total width of
∆z. Mathematically, this can be expressed as:
W21cm(z) = W0Θ(z − (z0 −∆z/2))
×Θ((z0 + ∆z/2)− z), (17)
where Θ(z) is the Heaviside theta function. The normal-
ization W0 has units of inverse length (e.g., Mpc
−1h)
such that the integral in comoving distance χ is unity.
In the following figures, we show results related to in-
tegrating Equation (10) with different choices of z0 and
∆z.
One caveat with using the Limber approximation for
computing the C` spectrum is that the total window
of integration should be much larger than the target k-
mode chosen (i.e., ∆χ  1/k). For `1 = 90, this corre-
sponds to k-modes of magnitude k ∼ 0.01 Mpc−1h. Ac-
cordingly, the window of integration should be ∆z & 0.5
for the redshifts of interest here. As explained more in
Sec. 5.1, the C` spectrum is only relevant when fore-
casting the signal-to-noise ratio of the bispectrum. The
bispectrum signal itself is not subject to the same re-
striction, due to the presence of only a single 21 cm field.
Accordingly, in the figures below, we include windows
down to ∆z = 0.1. At the same time, we have noticed
that computing the C` spectrum of the 21 cm field from
the two-point Limber approximation (similar to the one
in Equation (6)) shows qualitatively good agreement for
most ` modes.
Figure 5 shows the expected signal from integrating
Equation (10) with different choices of the 21 cm win-
dow function W21cm(χ) as defined in Equation (17).
The duration of reionization strongly impacts the am-
plitude of the cross-bispectrum B21cm,kSZ,kSZ. For the
Short history, the amplitude of the resulting signal is
the largest compared to the other histories, and is seen
almost exclusively as a postive correlation. The signal
is maximized for a relatively narrow integration win-
dow ∆z, and has a maximal response when centered
shortly after the midpoint of reionization. This result
makes sense given the functional forms of the 3d bi-
spectrum B21cm,q,q and visibility function g(χ) seen in
Figure 3. Given the steep increase in g(χ) as a function
of z, the statistic is most sensitive to the positive corre-
lation following the midpoint of reionization as opposed
to the anti-correlation prior to the midpoint. The Short
history also has the largest amplitude of the underly-
ing 3d bispectrum B, and so has the largest amplitude
in the integrated bispectrum B. The statistic also has
a larger amplitude for narrower windows, which allows
for including primarily the positive correlation following
the midpoint of reionization while excluding the anti-
correlation prior to the midpoint. A wide window in
redshift includes contributions from both, reducing the
amplitude of the resulting signal. Thus, narrower obser-
vational windows in redshift yield a larger signal.
In the Fiducial reionization history, the integrated bi-
spectrum B exhibits interesting behavior as a function
of the center of integration z0. When the window is
centered on redshifts corresponding to redshifts prior to
the midpoint of reionization, the resulting statistic is
negative. This coincides with the large, negative value
of the 3d bispectrum B at these redshifts. As the cen-
ter of the window z0 shifts to later times, the value of
B becomes positive. Similar to the result of the Short
reionization history, windows centered on these times
receive the most contribution from the postitive correla-
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tion following the midpoint of reionization as opposed to
the anti-correlation prior to the midpoint. As with the
Short history, narrower windows in redshift yield more
extreme values in the resulting statistic, again arguing
for narrow observing windows to maximize the resulting
signal. However, the overall amplitude of the signal is
smaller for the Fiducial history compared to the Short
history, largely due to the smaller amplitude of the 3d
bispectrum B.
In the Long reionization history, the integrated bispec-
trum B is negative for all choices of the 21 cm window
function. This is a result of the 3d bispectrum B being
negative for all redshifts. In this reionization history,
the 21 cm and kSZ fields are always anti-correlated, and
do not demonstrate a positive correlation. Addition-
ally, the maximal response occurs when the window is
centered near the midpoint of reionization, rather than
significantly before or after. The amplitude of the statis-
tic is also smaller than for the other reionization history,
though falls off less significantly with the width of the
window function ∆z.
An interesting result of the varying reionization his-
tory is that the behavior of the integrated bispectrum
B is very sensitive to the duration of reionization. For
relatively short histories, the bispectrum B has positive
amplitude and exhibits the largest response, but is quite
sensitive to both the central value and width of the 21 cm
window function. For moderate duration histories such
as those in our Fiducial history, the sign of the bispec-
trum B changes depending on the center of the 21 cm
window function. The amplitude is comparable between
the two cases, though larger for the post-reionization
window. For relatively long reionization histories, the
integrated bispectrum B does not change sign, and is
negative regardless of the parameters of the 21 cm win-
dow function. As we explore in greater detail below,
much of this behavior can be attributed to the degree
of correlation between the 21 cm field on large scales
and the density and ionization fields on small scales. In
general, for longer histories, the degree of correlation is
weaker, and so the magnitude of the signal is smaller
than for short reionization histories.
4.3. Bispectra of Ionization and Density Fields
The full kSZ field requires computing the product of
the ionization field and matter field in real space before
applying an FFT as in Equation (7). However, some
intuition can be gleaned from examining the behavior
of the bispectrum between the 21 cm field and the fields
contributing to the kSZ effect (Equation 5). By under-
standing how various combinations of the ionization and
matter density fields evolve as a function of redshift, we
can explain some features in the full bispectrum seen in
Figures 3 and 4. To probe this, we compute the bispec-
trum between various permutations of the 21 cm field at
`1 = 90 and the ionization or matter fields at ` = 3000.
Equation (3) shows how the kSZ field can be expressed
as the product of the ionization field and density con-
trast, and so some of the behavior of the full bispectrum
can be explained by the behavior of the correlation be-
tween the 21 cm field and combinations of the ionization
field xi and matter density field δm. For instance, we
compute the bispectrum in the squeezed triangle limit
of the 21 cm field and two fields of the local ionization
xi, denoted as B21cm,x,x:
〈
δ˜T 21cm(k1)x˜i(k2)x˜i(k3)
〉
≡
(2pi)3δD(k1 + k2 + k3)B21cm,x,x(k1, k2, k3). (18)
By analogy, we also compute the bispectrum involving
two fields of the matter overdensity δm which we denote
as B21cm,ρ,ρ. We also compute the cross-spectra between
the ionization field and the matter density field B21cm,x,ρ
and B21cm,ρ,x. Note that the definition of the bispec-
trum does not lead to equality when interchanging the
indices, i.e., B21cm,x,ρ 6= B21cm,ρ,x. These quantities are
essentially the same when computing an angle-averaged
quantity, and have opposite behavior as a function of
θ12. (For instance, if B21cm,x,ρ increases as a function of
θ12, then B21cm,ρ,x decreases by an equal and opposite
amount as a function of θ12.) For the sake of brevity in
results below, we only show the quantity B21cm,x,ρ.
As mentioned in Sec. 2.3, we are computing the bi-
spectrum in the squeezed triangle limit using the 21 cm
field as the short leg of the triangle; accordingly, the
bispectrum can be thought of as a conditional probe
of the small-scale structure given a particular value for
the large-scale 21 cm field. Furthermore, because the
squeezed triangle configuration guarantees that k2 ≈ k3,
this conditional probe of small scale structure is pro-
portional to the amplitude of the power spectrum on
the scale k2. For example, if B21cm,x,x(k1, k2, k3) has
a large positive amplitude, this means that large-scale
regions of an above-average 21 cm brightness tempera-
ture δT (k1) are correlated with a relatively high ampli-
tude power spectrum of the ionization field Pxx(k2)—at
the same time, large-scale regions with below-average
21 cm brightness temperature T21cm(k1) are correlated
with a low amplitude power spectrum Pxx(k2). A neg-
ative amplitude implies an anti-correlation between the
large scale amplitude of the 21 cm field and the power
spectrum of the small scale modes. If there is no statis-
tical relationship between the large-scale field amplitude
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Figure 6. Top: the global ionization fraction x(z). Bottom:
the angle-averaged squeezed-triangle bispectrum between the
21 cm field and combinations of the ionization field xi and
the matter overdensity δm. Different histories are plotted us-
ing different colors and different combinations of constituent
fields are shown in different linestyles. Bispectra involving
the ionization field xi transition from negative to positive
as ionization progresses, transitioning shortly after the mid-
point. The bispectrum with only the matter field is negative
at all times. This behavior of the bispectrum can be ex-
plained by a qualitative description of reionization discussed
in Sec. 4.4.
and small-scale power spectrum amplitude, then the bi-
spectrum amplitude is near 0.
Figure 6 shows the squeezed-triangle bispectrum be-
tween the 21 cm field and various combinations of the
ionization field xi and matter contrast δm. The quantity
plotted is B(k1, k2, θ12), with an average performed over
all angles θ12 weighted by the number of triangles that
generate a particular combination, similar to the cen-
tral panel of Figure 3. In the earliest stages of reioniza-
tion, all of the component bispectra are negative, mean-
ing that the amplitude of the small-scale power spectra
are anti-correlated with the large-scale amplitude of the
21 cm field. At the midpoint of reionization, there is
a rapid transition for the component bispectra that in-
clude the ionization field. Although these ionization bis-
pectra become positively correlated, B21cm,ρ,ρ remains
negatively correlated. Following the midpoint and con-
tinuing to the end of reionization, combinations with
the ionization field xi are positive, and ones with exclu-
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Figure 7. The reduced bispectrum (defined in Equa-
tion (16)) for the components shown in Figure 6 as a function
of angle θ12 defined in Equation (11). Different combinations
of constituent bispectra are shown in different linestyles, with
different colors representing different redshift values. All bis-
pectra here are from the Fiducial reionization history, though
the other histories show qualitatively similar results at com-
parable ionization fractions. At early times, the bispectra
show little sensitivity to the angle θ12. At later times, the
bispectrum is more sensitive to the orientation of the trian-
gles, though not nearly to the same degree as the integrated
bispectrum shown in Figure 4. This is primarily due to the
fact that Figure 4 is sum of the individual terms shown here.
While each of these terms is slightly peaked near θ12 ∼ pi/2,
the sum of these terms yields a result which has a more
prominent angular dependence.
sively the density field remain negative. This qualitative
picture is true for all reionization histories, though the
amplitude is larger for shorter histories. We develop a
qualitative description to explain these features below
in Sec. 4.4.
Figure 7 shows the component bispectra from Fig-
ure 6 but as a function of angle θ12. In this Figure,
we also have transitioned to plotting the reduced bi-
spectrum Q(θ12) defined in Equation (16). To remove
the impact of temperature normalization, we have di-
vided the bispectra by T0(z) defined in Equation (2)
and divided the power spectra P21cm,21cm by T0(z)
2. In
this case, the quantity Q(θ12) is dimensionless instead
of having temperature units as in Sec. 4.1. At early
times, Q(θ12) is relatively flat as a function of θ12. This
flatness means there is not significant preferential align-
ment between the 21 cm field and the ionization or den-
sity fields. Following the midpoint of reionization, the
bispectra begin to show evolution with angle. At late
times (z = 7), the bispectrum shows the most signifi-
cant evolution as a function of angle. The ionization-
only bispectrum B21cm,x,x has its largest response near
isosceles triangles (θ12 ∼ pi/2), whereas the density-only
bispectrum B21cm,ρ,ρ has the most extreme values for
oblique triangles (θ12 ∼ 0 and θ12 ∼ pi). Note that the
sign is different in these two cases, so that summing the
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individual bispectra components yields a quantity that
has a larger amplitude for isosceles compared to oblique
triangles. This helps explain why the angular depen-
dence of the full bispectrum (a sum of the terms shown
above and others) is more extreme than these individual
components.
4.4. Qualitative Behavior of the Bispectrum
The results in the previous section can be understood
with the help of a simple qualitative description of reion-
ization. We begin with an explanation of the behavior of
the constituent bispectra at early times before the mid-
point of reionization. As in Sec. 2.3, we take k1 to be
the Fourier mode corresponding to the 21 cm field, and
probes relatively large scales (k1 ∼ 0.05 Mpc1 h). Simi-
larly, we take k2 to be the Fourier mode corresponding
to the component fields of the kSZ effect (ionization and
matter overdensity fields), and probes relatively small
scales (k2 ∼ 1 Mpc−1 h). The goal of this description
is to explain the connection between the large-scale be-
havior of the 21 cm field and the small scale auto- or
cross-power spectra of the component fields. Though
the behavior of these fields does not perfectly map onto
the behavior of the full kSZ field, they nevertheless pro-
vide useful intuition.
During the early stages of reionization (〈xi〉 < 0.5,
8 . z . 10 in Figure 6), the inside-out nature of
reionization means that ionized regions appear on small
scales near matter overdensities corresponding to ar-
eas of early galaxy formation. Thus, regions where the
21 cm brightness temperature is less than the global av-
erage (δT21(k1) < 〈T21〉) will contain a greater-than-
average number of ionized regions. The larger num-
ber of ionized regions means that there is less neutral
hydrogen, diminishing the magnitude of the 21 cm in
these regions. These same ionized regions lead to an in-
crease the small-scale power of the ionization field power
spectrum Pxx(k2). Conversely, regions where the 21 cm
brightness temperature is greater than the global av-
erage (δT21(k1) > 〈T21〉) contain fewer ionized regions,
and therefore less small-scale power in the ionization
field, Pxx(k2). In both cases, the amplitude of the 21 cm
brightness temperature on large scales is anti-correlated
with the amplitude of the ionization power spectrum on
small scales. Therefore, we expect that the full bispec-
trum estimate B21cm,x,x to have a large negative value at
these redshifts, due to the anti-correlated behavior be-
tween the 21 cm field δT21 and the ionization field power
spectrum Pxx.
Using a similar line of reasoning, we can conclude the
opposite behavior should be observed for the late stages
of reionization (〈xi〉 > 0.5, 6 . z . 8). For regions that
have a local value of δTb(k1) below the global average,
there are few remaining pockets of neutral gas, which
leads to a relatively low amplitude in the ionization field
power spectrum Pxx(k2). Conversely, those regions with
above-average 21 cm fluctuations have more neutral re-
gions, and therefore a larger amplitude of the ionization
field power spectrum at small scales. In other words,
the small-scale ionization power depends largely on the
number of ionized regions at early times, and the num-
ber of remaining neutral regions at late times. Taken
together, these features mean that the large-scale 21 cm
fluctuations are positively correlated with the small-
scale ionization field power spectrum during the late
stage of ionization.
Another way to look at this is as follows. The small-
scale ionization field in a region of above-average bright-
ness temperature should resemble a “typical” region at
an earlier time, when the global average brightness tem-
perature was higher. The small-scale ionization field
undergoes a “rise” and “fall” due to the changing ion-
ization fraction of each sub-region. The sign of the cor-
relation between brightness temperature and small-scale
ionization power then depends on whether the average
ionization power spectrum (on small scales) is an in-
creasing or decreasing function of global average bright-
ness temperature. Since the ionization power spectrum
undergoes a “rise” and “fall” with increasing ionization
fraction (decreasing brightness temperature), the sign
of the correlation reflects whether the ionization power
spectrum is in the “rising” or “falling” stage. Near the
middle of reionization, the small-scale ionization power
spectrum is a relatively flat function of global average
brightness temperature, and the correlations discussed
here are correspondingly weak.
Figure 8 shows several two-dimensional slices through
the simulation volume at early stages of reionization
(z = 8.5, 〈xi〉 ∼ 0.25) and late stages (z = 7.5,
〈xi〉 ∼ 0.75). At each of these redshifts, the 21 cm
brightness temperature in Equation (1) of sub-volumes
with length L = 125 h−1Mpc are visualized. We select
sub-volumes where the local average brightness temper-
ature δTb is above (left column) and below (right col-
umn) the average value for the full volume of L = 2
h−1Gpc. These representative sub-volumes demonstrate
the relation discussed above: at early times, the large-
scale fluctuation in δTb is anti-correlated with the small-
scale ionization field power spectrum, while being posi-
tively correlated at late times.
Figure 9 makes this behavior more quantitative. At
both early and late times, we divide the full L =
2 h−1Gpc volume into independent sub-volumes of
L = 125 h−1Mpc, leading to 4096 such sub-volumes.
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Figure 8. A visualization through the simulation volume at z = 8.5 (〈xi〉 ∼ 0.25, top) and z = 7.5 (〈xi〉 ∼ 0.75, bottom).
The left column shows a slice through a subregion of L = 125 h−1Mpc for which the local average 21 cm spin temperature δTb
is above the global average for the full L = 2 h−1Gpc volume, and the right column shows a slice through a subregion where
the local average δTb is below average. At early times, the regions of high δTb have fewer ionized regions and less small-scale
ionization power. Therefore, B21cm,x,x is initially negative. At late times, the regions of high δTb are less ionized than average,
yet have more small-scale structure left over in the ionization field. The low δTb regions are mostly ionized, with less small-scale
structure remaining in the ionization field. Correspondingly, B21cm,x,x is positive at late stages of reionization.
For each subvolume, we compute the average local
21 cm brightness temperature δTb and the ionization-
field power spectrum Pxx. To avoid introducing arti-
facts associated with computing the Fourier transform
on a non-periodic volume, we apply a cosine window to
the ionization field of the sub-volume before perform-
ing an FFT. We then compute the power spectrum at
scales of k = 0.8 Mpc−1h for each sub-volume. We
then plot the average 21 cm brightness temperature δTb
against the (dimensionless) ionization power spectrum
∆2xx. When examined in aggregate for the ensemble of
sub-volumes, clear trends emerge. At early times (blue
points) δTb and Pxx are anti-correlated, whereas at late
times (red points) δTb and Pxx are positively correlated.
Near the midpoint of reionization (orange points), there
is no significant correlation between these quantities.
These trends are self-consistent with the behavior of the
B21cm,x,x line seen in Figure 6, and explained in the
discussion above.
The behavior of the component bispectra as a function
of angle θ12 can also be understood using similar lines
of reasoning. Quantities whose amplitudes are more ex-
treme for oblique angles, such as B21cm,ρ,ρ at z = 7 (see
Figure 7), are more sensitive to structure along filamen-
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Figure 9. A scatter plot of the local average value of the
21 cm brightness temperature δTb and the power spectrum of
the ionization field ∆2(k) at k = 0.8 Mpc−1h for the Fidu-
cial reionization scenario. As explained in Sec. 4.4 and visu-
alized in Figure 8, the underlying physical mechanism dic-
tates that at early times these quantities are anti-correlated
(blue points), and are positively correlated at late times (red
points). Near the midpoint of reionization, there is no visible
correlation (orange points).
tary structure, similar to the matter-only bispectrum
(see Appendix A). Conversely, quantities more extreme
at θ12 ∼ pi/2 show that the signal is sensitive to un-
derdense regions. This behavior is self-consistent with
the results in the above figures: the 21 cm-matter-matter
bispectrum has a stronger response along overdense fila-
ments, as with the matter-only bispectrum. The 21 cm-
ionization-ionization bispectrum has stronger response
in underdense regions, because at late times those re-
gions preferentially have non-zero δTb. Thus, the be-
havior of the bispectrum as a function of angle is self-
consistent with these results as well.
5. DETECTABILITY
The coming decade promises the construction of in-
struments capable of detecting the 21 cm signal from
the EoR at high statistical significance such as HERA
and the SKA, as well as next-generation CMB experi-
ments for mapping the kSZ signal such as SO and CMB-
S4. Given the projected level of the signal presented in
Sec. 4.1, a natural question is whether we should expect
to detect this signal or not in the near future. In order to
explore the detectability of the bispectrum signal of in-
terest, we first estimate the expected SNR in the sample-
variance limited regime. This represents the best possi-
ble SNR that might be achieved for a given sky coverage
in the case of negligible detector noise. For simplicity, we
calculate the sample variance in the Gaussian approxi-
mation. We explore this quantity in Sec. 5.1. Following
this, we turn to the question of instrumental noise, and
whether it will be larger than the uncertainty due to
sample variance. We consider this quantity in Sec. 5.2.
As a further source of observational concern, there are
additional systematic observing issues, such as the pres-
ence of foreground contamination. Such a concern is
especially acute for the 21 cm signal, and may make ac-
tual detection of the bispectrum challenging. We turn
to potential systematic observing issues in Sec. 5.3.
5.1. Bispectrum Compared to Gaussian Variance
The projected bispectrum defined in Equation (10) is
a version of the angular bispectrum in `-space, and so
we use expressions relevant to those quantities. We also
assume that the bispectrum is observed over a particular
series of ` bins such that for bin i, we only consider
modes `i ≤ ` ≤ `i+1. The Gaussian variance of the
bispectrum is then given by (Bucher et al. 2016; Coulton
& Spergel 2019):
Var[B(`i, `j , `k)] = 1
N2i,j,k
∑
`i≤`1≤`i+1
`j≤`2≤`j+1
`k≤`3≤`k+1
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
(
`1 `2 `3
0 0 0
)2
C`1,21cmC`2,kSZC`3,kSZg`1`2`3 (19)
where the terms in brackets are Wigner 3-j symbols
(which arise from integrating products of three spher-
ical harmonics on the celestial sphere), and g`1`2`3 is a
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symmetry factor of 2 if `2 = `3 or 1 in all other cases
10.
Ni,j,k is a normalization enumerating the total number
of possible triangles for a given bin, expressed as:
Ni,j,k ≡
∑
`i≤`1≤`i+1
`j≤`2≤`j+1
`k≤`3≤`k+1
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
×
(
`1 `2 `3
0 0 0
)2
. (20)
The normalization Ni,j,k measures the full number of
triangles that can be formed on the celestial sphere. To
account for a finite survey area characterized by fsky, we
adjust the variance by dividing Equation (19) by this
factor. We use a value of fsky = 0.01, which repre-
sents a modest overlap of experimental footprints. Such
a mutual sky-covering fraction should be feasible for
HERA and SO, which are both situated in the southern
hemisphere around −30◦ of latitude. C`i are the two-
dimensional projected power spectra defined using the
Limber approximation for the power spectrum. For the
kSZ signal, we use Equation (6). For the 21 cm field, we
use:
C`,21cm(`) =
∫
dχ
χ2
W21cm(χ)
2P21cm,21cm(`/χ), (21)
where W21cm(χ) is the 21 cm window function defined in
Equation (17), and P21cm,21cm is the auto-power spec-
trum of the 21 cm field. To compute the variance self-
consistently, one must use the same window functions
for the two-point and three-point Limber integrals.
We compute the variance of the bispectrum given in
Equation (19) for the different 21 cm window functions
presented in Figure 5. For fast and efficient computa-
tion of Wigner 3-j symbols, we use the wigxjpf library
(Johansson & Forsse´n 2016). Alternatively, in the flat-
sky approximation for `i  1, the following relationship
holds (Joachimi et al. 2009):(
`1 `2 `3
0 0 0
)2
≈ Λ(`1, `2, `3)
2pi
, (22)
10 In the case where the auto-bispectrum is computed (i.e., the three
fields correspond to the same quantity), then the symmetry fac-
tor g`1`2`3 takes on the values of 6, 2, or 1 for cases where 3,
2, or 0 of the `i values are the same. In the cross-bispectrum
here, the symmetry factor is only applicable when `2 = `3, which
both correspond to the kSZ field. On the other hand, the sam-
ple variance calculation for the cross-bispectrum contains addi-
tional terms that involve the angular cross-spectrum C21cm,kSZ
for cases where `1 = `2 or `1 = `3. Due to the wide separation
in `-modes we use in this analysis, it is not necessary to account
for these terms because we do not consider these combinations,
which in any case are small at large ` due to the velocity cancel-
lations mentioned above.
where
Λ(`1, `2, `3) =
4√
2`21`
2
2 + 2`
2
2`
2
3 + 2`
2
1`
2
3 − `41 − `42 − `43
, (23)
subject to the same selection criteria as the original
Wigner 3-j symbols.11 We have verified that the above
approximation yields values that are better than 1% ac-
curate for typical ` combinations considered in this work.
We use the approximate form in Equation (22) when all
`i ≥ 200, and the exact form from wigxjpf otherwise.
5.1.1. Single-Window Signal-to-Noise
Equation (19) is defined for a particular combination
of `-mode ranges for each of the `i values. To make
a prediction of the individual sensitivity for a partic-
ular `-range, we define ranges for each of the `i val-
ues. As an example for illustration purposes, we choose
75 ≤ `1 ≤ 105 for the 21 cm modes of interest and
2950 ≤ `2,3 ≤ 3050 for the kSZ modes. We also com-
pute the C` spectrum for each 21 cm window function
self-consistently, as in the computation of B in Figure 5.
After computing the variance Var(B), we take the square
root to obtain the standard deviation, and compare that
value with the bispectrum B as computed by Equa-
tion (10). We express this dimensionless quantity s as:
s(`1, `2, `3) ≡ B(`1, `2, `3)√
Var[B(`1, `2, `3)]
. (24)
Figure 10 shows this quantity s for the Short, Fidu-
cial, and Long reionization histories. As in Figure 5, we
have computed this quantity for different top-hat 21 cm
window function parameterized by their center z0 and
width ∆z. Interestingly, although the intrinsic signal B
is largest for the narrowest 21 cm windows, the quantity
s increases for larger windows. Even though wider 21 cm
windows lead to a smaller signal, they also decrease the
amplitude of C`,21cm by a larger amount. Essentially,
the top-hat window acts as an average of the 21 cm field
combined from different redshifts. This decoheres the
signal compared to a narrower window, yet preserves the
cross-correlation with the kSZ signal. The end result is
that for the 21 cm window functions considered here, a
larger window function leads to a higher SNR detection,
11 Namely, these are: (1) the parity condition that `1 + `2 + `3 is
even, and (2) the triangle inequality |`1 − `2| ≤ `3 ≤ `1 + `2. In
cases where the triangle inequality is exactly satisfied (e.g., `1 +
`2 = `3), the approximation yields division by 0 in Equation (23),
whereas the Wigner 3-j symbol is non-zero. We use the exact
expression for these combinations.
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Figure 10. The ratio between the bispectrum B from Equation (10) and the Gaussian variance defined in Equation (19) as
a function of the top-hat 21 cm window function center z0 and width ∆z. This quantity does not include experimental noise,
and instead compares the signal and sample variance (computed in the Gaussian approximation). The combination of triangles
that contribute to the signal in this figure represent a very small fraction of the total number of triangles contained within
the projected survey areas and range of `-modes considered here. Therefore, we consider the cumulative signal-to-noise ratio
obtainable by combining triangles across the full range of `-modes in Sec. 5.1.2.
although the signal has a less straightforward interpre-
tation in this case. Specifically, the values of {(z0,∆z)}
which maximize the response for the Short, Fiducial,
and Long histories are {(7.8, 0.39), (7.3, 0.94), (7.8, 2.0)},
respectively. The general trend of larger values of ∆z
leading to higher SNR values as the duration of reion-
ization becomes larger is related to the fact that the kSZ
visibility function g(χ) has broader support in redshift
space as the duration increases.
Note that the magnitude of the quantity s is less than
one for all choices of the 21 cm window function. This
result means that the bispectrum signal is smaller than
the Gaussian variance for an individual `-range, though
it is possible to combine the significance across different
`-ranges (and multiple redshift windows) to increase the
overall detectability of the signal. We expand on this
discussion below in Sec. 5.1.2.
5.1.2. Cumulative Signal-to-Noise
The above discussion in Sec. 5.1.1 examined the ratio
between the measured bispectrum and Gaussian vari-
ance for a single combination of `-ranges relevant to
upcoming observations. However, in principle one can
combine the significance from multiple `-ranges to yield
a highly significant detection above the level of Gaussian
variance. To understand the total sensitivity from com-
bining measurements from HERA and SO, we expand
the range of `-modes considered: we examine all modes
90 ≤ `21cm ≤ 1000 and 3000 ≤ `kSZ ≤ 6000. These
scales represent modes accessible by HERA and SO, re-
spectively, and should be measured at high significance
relative to instrumental noise (see further discussion be-
low in Sec. 5.2). We use bin widths of ∆`21cm = 30
and ∆`kSZ = 100, so that the relative width in `-space
is comparable between the two signals. Due to the tri-
angle inequality enforced in Equations (19) and (20),
there will be some combinations of `-ranges that do not
yield valid triangles (e.g., `21cm = 90, `kSZ,1 = 3000,
`kSZ,2 = 6000). Nevertheless, there are many such com-
binations that can be formed, and so the cumulative
significance can be increased substantially.
For each combination of `-bins that contain valid
triangles, we compute the variance Var(B) accord-
ing to Equation (19). Computing the bispectrum for
each window is computationally prohibitive, and so we
have computed the bispectrum explicitly for the com-
binations of: {(`21cm = 90, `kSZ = 3000), (`21cm =
90, `kSZ = 6000), (`21cm = 1000, `kSZ = 3000), (`21cm =
1000, `ksz = 6000)}. We compute the value of B ac-
cording to Equation (10), and linearly interpolate the
resulting function in log-space to yield an approximate
value for B at the particular combination of central `i
values. We have computed the value of B at several
points interior to the convex hull defined by these four
combinations, and verified that this interpolation pro-
duces values that are typically accurate to ∼ 50%. We
then combine the significance from different windows in
quadrature to get scum:
s2cum =
∑
`i,j,k
(
B(`i, `j , `k)√
Var[B(`i, `j , `k)]
)2
. (25)
To demonstrate how this cumulative significance de-
pends on the maximum value of `21cm,max, we compute
this quantity for all combinations of 3000 ≤ `kSZ ≤ 6000
and 90 ≤ `21cm ≤ `21cm,max. Such a calculation makes
clear which observational modes from HERA are most
important for increasing the overall sensitivity of the
statistic.
Figure 11 shows the cumulative significance defined
in Equation (25) as a function of `21cm,max. A dotted
line shows where scum = 3, meaning the bispectrum
can be measured at a 3σ significance. This threshold is
crossed for `21cm,max ∼ 180, meaning that relatively few
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Figure 11. The cumulative signal-to-noise ratio of the bi-
spectrum compared to the sample variance defined in Equa-
tion (25) as a function of the maximum 21 cm `-mode used,
when summing over all valid combinations of kSZ modes
3000 ≤ `kSZ ≤ 6000 for a single redshift window defined
by W21cm(χ) with parameters z0 = 7.5 and ∆z = 1. The
dotted line shows a 3σ detection and the dashed line shows
a 10σ detection. As discussed in Sec. 5.2, the instrumental
noise is projected to be below these values. However, sys-
tematic effects, particularly foreground contamination of the
21 cm signal, may lead to lower significance in practice. See
Sec. 5.3 for further discussion.
`-modes from HERA would be necessary to make a sig-
nificant detection. If all modes up to `21cm,max = 1000
are included, then a roughly 20σ detection is statistically
possible. The results of Ma et al. (2018) are broadly con-
sistent with the cumulative SNR found here, suggesting
that both quantities have similarly large statistical sig-
nificance. Note that this calculation does not consider
the potential impact of systematic errors related to ob-
servations. We discuss potential issues further below in
Sec. 5.3.
5.2. Experimental Noise
As mentioned above, a real-world measurement of the
bispectrum will have to contend with both the sam-
ple variance of the signal as well as uncertainty in-
troduced by the detectors. When accounting for both
sources simultaneously, the mathematical form of Equa-
tion (19) must include both sources. Specifically, the
terms including the angular power spectra C`i should
include both the signal (for the sample variance) and
the detector noise, which we denote N`i . For exam-
ple, the first term should be substituted C`1,21cm →
(C`i,21cm + N`1,21cm), with analogous changes for the
other two terms. In the limit that N`i  C`i , then
Equation (19) reduces to the form given above. How-
ever, this assumes that the noise is subdominant term-
by-term for each ` mode considered. We will examine
the projected noise behavior of 21 cm detectors such as
HERA, followed by CMB detectors such as SO.
5.2.1. 21 cm Noise Spectra
Many of the current- and next-generation 21 cm exper-
iments are radio interferometers. Individual baselines
are sensitive to a specific `-mode in the sky at a given fre-
quency, and measurements from multiple baselines can
be combined to generate an image. Rather than estimat-
ing the noise on the image as a whole, we derive here an
expression for the instrumental noise when measuring a
single baseline, which is the relevant quantity for a mea-
surement of the bispectrum. Thus, as a noise model for
the 21 cm signal for a single baseline N`,1, we use the
following expression from Zaldarriaga et al. (2004):
N`,1 =
T 2sys(2pi)
2
∆νtν d2`
, (26)
where Tsys is the system temperature, ∆ν is the band-
width of the observation, tν is the total amount of coher-
ent time observing a single Fourier pixel over a season,
and d2` ≡ (∆`)2 denotes the `-range being observed.
When forecasting this quantity for HERA, we assume
that each baseline will be observed and added coherently
for a time tc across each night for a total ofNobs nights in
a single observing season. Using this observing strategy,
we use tν = Nobstc in Equation (26), meaning that the
noise for a single baseline averages down linearly in time
over the coherence time scale. We also assume that we
incoherently average the signal from Ni coherently aver-
aged time windows. Furthermore, HERA features many
nominally redundant baselines, which are probing the
same or statistically equivalent modes on the sky. The
noise for the entire array will be reduced linearly by the
total number of baseline pairs for a given `-mode Nbl(`),
as well as the square root of the number of incoherently
averaged time windows Ni. Thus, the noise level for the
full array is:
N`,tot =
N`,1
Nbl(`)
√
Ni
. (27)
To compute the quantity Ni, we use the total length of
observing ti divided by the coherently averaging time
length tc: Ni = ti/tc. We assume that the coherent
integration time is tc = 15 minutes, and the total ob-
serving window ti is 8 hours, giving Ni = 32. We also
assume an observing season of 100 days, so Nobs = 100.
As above in Sec. 5.1, we assume that ∆` = 30, which
comes from the product of the HERA primary beam
and the fringe term for a 14.6 meter baseline (the short-
est baseline in the HERA array) and a wavelength of
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Figure 12. The number of baselines in the full 350-element
HERA array that observe a given `-mode at z = 8. This
quantity appears in Equation (27) and assumes a flat-sky
observation where baselines are stationary in the uv-plane.
λ = 2 meters. We use Tsys = 400 K, a value consis-
tent with estimates across different frequency ranges and
LST windows (HERA Public Memo #1912). We use an
observing bandwidth of ∆ν = 17 MHz, corresponding to
a window of width ∆z = 1 centered at z = 8. Given the
highly redundant design of HERA, a significant num-
ber of baselines can be constructed that are sensitive to
modes 90 . ` . 1000. Generally, a given ` mode in this
range is simultaneously observed by roughly 1,000 base-
lines. (See Figure 12 for the full distribution.) Using
these quantities in Equation (27), we find:
N`,tot =
T 2sys(2pi)
2
∆νNobstc(∆`)2Nbl
√
Ni
= 0.81
(
1000
Nbl(`)
)
(µK · rad)2. (28)
This quantity represents the nominal noise sensitivity
of HERA with 1000 baselines measuring a given `-mode
for a whole observing season. The amplitude of the cor-
responding C` mode computed from Equation (21) is
larger by about two orders of magnitude for the same
`-range. For modes where ` & 1000, the fewer number of
redundant baselines suggests that N` ∼ C`. However, as
shown in Figure 11, a significant detection can be made
using only the modes that are well-sampled by HERA.
5.2.2. kSZ Noise Spectra
Now we turn to the noise N`,kSZ compared to the sig-
nal C`,kSZ. When generating a C` spectrum from a map
12 http://reionization.org/wp-content/uploads/2017/04/
HERA19 Tsys 3April2017.pdf
of the kSZ field, such as the one shown in Figure 2, we
find that D` = `
2C`/(2pi) has an amplitude of ∼3 µK2,
and is relatively flat over 3000 . ` . 6000 in D`-space13.
This is consistent with previous theoretical investiga-
tions of the patchy kSZ effect (Battaglia et al. 2013a;
Alvarez 2016). This result is also consistent with the
recent measurement of the SPTPol + SPT-SZ surveys
(Reichardt et al. 2020).
We begin by using “BoloCalc”14, a software tool for
estimating the sensitivity of SO (Hill et al. 2018). We
assume an observing time of one year, with an observa-
tional efficiency of 20% (i.e., about 2.5 months total ob-
serving time). Using a sky coverage of fsky = 0.01, simu-
lation with the Large-Aperture Telescope (LAT) for the
baseline observation assumptions yields a map depth σS
of 2.29 µK-arcmin. The noise induced by the LAT beam
is relatively flat in `-space between 3000 ≤ ` ≤ 6000
(Ade et al. 2019), so the effect of the beam is minor over
this range. To convert from map depth to noise spectra
in `-space, we use the relation (Knox 1995; Staggs et al.
2018):
N` = σ
2
s exp
(
`(`+ 1)θ2FWHM
8 ln 2
)( pi
10800
)2
(29)
⇒ N3000 = 5.09× 10−7(µK · rad)2,
where θFWHM is the full width at half maximum for the
LAT beam in radians. This value changes as a func-
tion of observing frequency, but is about one arcminute
in size for the bands relevant to the kSZ measurement.
We use a value of θFWHM = 1
′ for the purposes of the
above calculation. Converting to D`, this is an equiva-
lent noise of D3000 = 0.73 µK
2. This quantity is below
the expected level of the signal, and so satisfies the re-
quirement that N`,kSZ < C`,kSZ. However, at ` = 6000,
D6000 = 4.4 µK
2, and so the detector noise is compara-
ble to or potentially larger than the signal. This makes
the above sample-variance limit optimistic. The noise
can be made smaller through additional observation,
though the sensitivity only increases as the square root
of the amount of time observed. In practice, systematic
observing issues may be more difficult to overcome.
Although making a measurement with the required
level of sensitivity may require several months of obser-
vation, the entire footprint of HERA is already planned
to be measured as part of the main fsky = 0.4 survey.
13 Note that this represents the patchy contribution to the total
kSZ signal. The low-redshift, post-reionization contribution is
comparable in magnitude, and so the sample variance contribu-
tion may need to be adjusted by up to a factor of 2 in the above
analysis.
14 https://github.com/chill90/BoloCalc/
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The smaller patch with fsky = 0.01 can be made in ad-
dition to the main measurement, meaning that less than
2.5 months of additional observation would be required.
In addition to detecting the bispectrum measurement
proposed above, this deep field could be used to mea-
sure the kSZ power spectrum to high certainty, provid-
ing an additional observational measurement related to
the EoR. The results from the power spectrum mea-
surement can be used in conjunction with the bispec-
trum measurement to provide additional cross-checks of
results from HERA alone.
5.3. Systematic Observing Issues
The discussion above in Sec. 5.2 only captures the sta-
tistical uncertainty associated with measuring the power
spectrum and bispectrum. There are systematic sources
of error and uncertainty associated with both the 21 cm
and kSZ observations, which may make cross-correlation
measurements in the future difficult. One obvious source
of systematic error not quantified in the discussion above
is the foreground “wedge” of 21 cm observations (Datta
et al. 2010; Vedantham et al. 2012; Morales et al. 2012;
Liu et al. 2014). When working with 21 cm observa-
tions, the observational modes can be written as k‖ and
k⊥, where k‖ measures the power along the line of sight
and k⊥ denotes a Fourier mode in the plane of the sky.
These k‖ modes measure the response along the fre-
quency direction. Bright foreground emission (largely
synchrotron emission from the Milky Way galaxy) is
smooth as a function of frequency, and so appears as
significant power at small k‖ observational modes. The
chromaticity of the interferometer scatters power from
these small k‖ modes to larger ones, with the contami-
nation reaching larger k‖ modes for larger values of k⊥.
In particular, the k‖ = 0 mode is always contaminated
by bright foregrounds, and will almost certainly have to
be removed when analyzing the 21 cm signal. The kSZ
signal is an integrated quantity appearing in the two-
dimensional CMB, and is only sensitive to k‖ = 0 modes.
Due to the fact that the bispectrum must be measured
from closed triangles, and each component must indi-
vidually sum to 0, measuring the bispectrum in practice
implies that the k‖ = 0 mode for the 21 cm field must
be used.
To measure the statistic discussed here, a different
approach to foreground cleaning will need to be imple-
mented, rather than the usual foreground wedge avoid-
ance. Instead, it will be necessary to pursue efforts along
the lines proposed by, e.g., Zaldarriaga et al. (2004) for
measuring the 21 cm angular power spectrum. The ba-
sic idea here is that if the foregrounds are highly corre-
lated across frequency, one can use this property to sep-
arate the signal and foregrounds while retaining some
purely transverse modes. For instance, redshifted 21 cm
measurements at post-reionization frequencies may pro-
vide foreground templates. If the foregrounds were per-
fectly correlated across frequency, then one could use
these post-reionization templates to completely remove
foreground contamination from the maps at lower fre-
quency. The cleaned maps could then by used in com-
bination with CMB maps to measure our statistic. The
prospects for this approach depend on how well corre-
lated the 21 cm foregrounds are across different frequen-
cies. A great deal of additional work is required to test
the feasibility here: residual foregrounds might signif-
icantly reduce the expected SNR even if they do not
produce an average bias.
When considering the kSZ signal in the above analysis,
we focused exclusively on the contribution to the signal
at high redshift relevant to the EoR (z & 6). There is
also a low-redshift contribution to the kSZ signal from
nearby galaxies. At ` ∼ 3000 the signal is expected
to be dominated by the EoR contribution, though the
low-redshift contribution will still be present. Optimisti-
cally, the low-redshift component will not cross-correlate
with the structures probed by the 21 cm signal, and will
merely add to the uncertainty of the signal through in-
coherent noise. However, isolating the kSZ signal to the
requisite level may require more precise component sep-
aration than has been done previously. Another promis-
ing approach for extracting the kSZ signal is to consider
higher-point functions of the CMB maps alone (Smith
& Ferraro 2017). As with the 21 cm signal, careful anal-
ysis and novel techniques may be required to ensure a
successful detection.
6. CONCLUSION
In this work, we explore the bispectrum between the
21 cm and kSZ fields during reionization in the squeezed
triangle limit. We show that the signal is very sensitive
to the duration of the universe’s reionization history,
depending on both the timing of reionization as well as
its duration. For our Short, Fiducial, and Long histo-
ries, the correlation between features appears near the
midpoint of reionization. Such behavior can be used to
confirm the reionization history as a function of redshift
xi(z) if known from other methods (e.g., the 21 cm auto-
power spectrum), or to infer the reionization history if
not otherwise known.
As discussed in Sec. 5.1, we project that the cumula-
tive sample-variance limited bispectrum is detectable at
more than 20σ for a joint measurement between HERA
and SO given a sky covering fraction of fsky = 0.01 and
projected noise parameters. At the same time, there are
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sources of systematic uncertainties, such as how best
to handle the bright foreground contamination of 21 cm
observations. We suggest one possible approach for mit-
igating these issues in Sec. 5.3, though additional work
is required to demonstrate that such an approach can re-
move the foregrounds without destroying the statistical
information necessary for detecting the bispectrum.
As an alternative to the statistic presented here, fu-
ture work may examine a four-point statistic based on
the 21 cm-21 cm-kSZ-kSZ trispectrum. Such a statistic
may not suffer from the foreground wedge contamina-
tion for low-k‖ modes, as 21 cm k-modes can be cho-
sen with equal and opposite values of k‖ far from zero.
However, the trispectrum presents additional computa-
tional challenges and detailed forecasts are required to
quantify its detectability. That said, it may be pos-
sible to extract some four-point cross-correlation infor-
mation without using the full trispectrum. One possibil-
ity is to compute the cross-power between the squared
fields δT 2kSZ and δT
2
21cm (after filtering out contaminat-
ing modes, such as the primary CMB for the kSZ field).
Such a statistic may be sensitive to some of the joint
information contained in the fields, without necessitat-
ing fully computing the trispectrum. In future stud-
ies, cross-correlating the 21 cm and kSZ signals from the
EoR may provide a valuable cross-check on quantities
inferred from either signal alone, and represents a rich
opportunity for joint-analysis in the future.
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Figure 13. The reduced bispectrum Q(k1, k2, θ) for a matter overdensity field generated from an N -body simulation at z = 7.
The points correspond to the points from our estimator and the solid lines correspond to the analytic expression in Equation (16).
The points are slightly offset from each other in the x-direction for visual clarity.
APPENDIX
A. VALIDATION OF BISPECTRUM ESTIMATOR
The results in Sec. 4 of the paper rely heavily on computing the bispectrum of three fields. Computing the bispectrum
is non-trivial, and it can be computationally intensive to exhaustively compute all possible combinations of triangle
lengths k1, k2, k3. The na¨ıve approach formally requires a 9-dimensional nested do-loop to construct all triangles
available in a given simulation volume, though this requirement can be reduced to a 6-dimensional loop given the
closure requirement. Nevertheless, exhaustively computing all such combinations is computationally infeasible.
As an alternative, we implement a bispectrum estimator based on fast Fourier transforms (FFTs). This method of
computing higher-point estimators was introduced by Jeong (2010), and applied to computing the auto-bispectrum
of the 21 cm field in Watkinson et al. (2017) and Majumdar et al. (2018). Briefly, this approach involves extracting
particular k-modes for a given triangle (or group of triangles) characterized by the set of ki and building associated
unit-weight fields to use for normalization. For a p-point estimator, this approach requires 2p additional fields stored
in memory, as well as applying FFTs to them. However, due to the overall computational complexity being dominated
by FFT operations, the time requirement scales as O(N logN) for a volume of N elements rather than the O(N2)
scaling of the na¨ıve approach. The computational savings become even more significant for higher-p estimators, such
as the trispectrum, where enumerating closed polygons scales as O(Np−1), but the FFT remains O(pN logN).
In order to validate the result of the estimator, we compute the bispectrum of the matter density field from an
N -body simulation. Fry (1984) gives an expression for the bispectrum using second-order perturbation theory:
B(k1,k2,k3) = 2F (k1,k2)P (k1)P (k2) + (cyc.), (A1)
where F (k1,k2) is defined as (Scoccimarro 2000):
F (k1,k2) =
5
7
+
(
k1 · k2
2k1k2
)(
k1
k2
+
k2
k1
)
+
2
7
(
k1 · k2
k1k2
)2
. (A2)
A related quantity which allows for readily comparing the results of the bispectrum from different spatial scales is the
reduced bispectrum Q(k1, k2, θ12), defined in Equation (16).
Figure 13 shows the reduced bispectrum Q(k1, k2, θ12) as computed using our direct estimator compared with an
analytic expression based on Equation (A2) for several difference combinations of k1 and k2. The matter density field
is a snapshot from an N -body simulation at z = 7. As can be seen, the agreement between the estimator and the
analytic result is broadly consistent. These results are qualitatively similar to those from Watkinson et al. (2017).
